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v���ortnlpv�lnl~| � ��xml���q�v,v��%ikj(j%o�osÖGv�jziw��hk� � i_h0�ko��
Ö�iÃ�Ó���Glpl�iki � i!qri0tnu0v�j�j%ikq�qrostnosiÌ�k�9v��Sikiw�
lpor�ko�l�i��0jzhk�ko�l�i�h�i�tp���k��o�lnl�i0i��GÜ2v�l�v�� ¨ ���k�
v,tpo�lplpv,q�o�ik�nl�o�u}u0v�qrort�tpi0iwj,E � © G�­~©,Ú0Ú#"0Â[�9v���o��
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�%iwj%u�ikqrikj%i��
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´ ¸wº v?tno�lnlS�w��ostnv,v�j_lSiw��h}o�lSikiwj��%tnv,o�jÓh�iw�Stnorj
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j%�%x�v�lnl��El��GÖGv�j�j4�wukÊ0ortp|}|GÖGv�lyv,o�h���l�hk�kok�kqrqri
j�v,Æ0iwlporo�h}ostnosi�xTu}��jÃl�iki0tåik���%q�o�lp�%Ö�o�lÉhk�ko��
h�i�l?�@æ§�kq�qrÊkorjßv,tpor��v,�pu}oruGtnoT�9�0tpo�lporo�h}ostnv�l � i
j�v,Æ0iwlporo�h}ostnv�l¯iw����qro�l��%ÖGo�lÞhk�0o�h�iwl'um�%���k�
lSi�lp�0ortposikiwj *�lS�w���±�0j � ������oÉtpv���o�or���pv
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v,�poruk�0ortp����uGtpori��kjÌh�iw�Stpo�j:h�iworukv?i�u}��h�iwl�i
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l�v�j�u�ikikj � ������ozqriko�j%u�i0iwj£��iwlpv���i0i�lnl�ortn�
lSi>u0�kj�v,ortnlp�mi��F'Tj�v������wjÓlporv�l��0i�g�h�ikj0lplpo��
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a |00〉 + b |01〉 + c |10〉 + d |11〉 . ­ 7 Â
¨ ik���0o�j u}��orj |}�%ÖGv,j u}h�ikjmlnlpo�&�o�lporjÇl�iw�
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� �
gfiw�%ÖGv,j(u}h�iwjmlplpo�&�o�l�o�jzl�o�qsi

1

2
|00〉 +

1

2
|01〉 +

1

2
|10〉 +

1

2
|11〉 ­�"kÂ
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j�v,j9&%o�lplpoE�kj
à~u0�kjmlp���kqrqro	&�o�lnl�oÁá � �ku�iz���k�w�
�S�k��x.tp���k��o�l�v�lSikiwj%uk��lp�0ortpv�qrqrv &�o�lporqrq�v (*)*+ �
�k�9v��Sikiwlpor�Óh�ikoIv�o#�

g>�0jmlp���kqrq��0o�l��%i (�)�+ �;�4�0�nlplposi ��v,�pu}o��
l��0�wj�|}q�v,v�j%t��åu}��h�ikj � ���%u�ikortpv�qrqsiÉtp|}���
&9�kqro�qrqri%�4g���h�i0tpt�i

x1

�kj�uk�0jmlp���kqrq�o�&�o�lnlpo � i
&�o�lporj

x2

iw��hk��h�iwor�mlp������o�u��kq�o2uk�0jmlp���kqrq�o��
&�o�lporj

x1

iw��hk�å�kj
1
�.æ��kostnorjØt�iwj��}v�j�x%qsiktn�

ukv�lnlSi�h�ikuGtno9lp�%q�v,v�j%u9� »��}ã�¾ÁÐ ° ½ Ñ »�È�Ò ­
	 )�� x
� �0tnl�i_u���|ml�v�l��0�wj�tp|m� &4�0q�osi ⊕ Â &�o�lnl�o�v,j x1� i
x2

h��kq�orq�qs���
8 �}�kÆ0ortposiÏ��oror�pv � �Ïl���jmlpv,h�iwlÌlporv�lS��h��wl

h�iw�StnorjÌ�}|}hmorjyxJv�lnlS�'u�iworu}u}oÙqr�}�kÆkostpv�l���oro��
��o�l�hk�0orÖ�i0iwj'�Siwu0v�jml�i0i
u���|mlnlS�wv�jÞ�4�0�nlplpv��


 ��úSë*ë;úJù,ü�ì*ñ¦ù�
?ñnë*ë;úEì#í��*î
ó
ö ì*ñ¦ì;í
íSô_ðÁúSü�öòô?ô�ú
NP

�sðòê�ó
îSíSô�ó
ô?þ
ñnðòû§öÁí?ÿ
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x2

x1

x1 ⊕ x2

x1

d

t

g���h�i � Ä�g>�0jmlp���kqrq��0o�l��åj��kln�;�4�0�nlplpo

� i�� (�� x )�� � i (*)�+ ­���iworj�o�lp��ostnl�i
iko�j��k�
iktnl�i0iwj (�)�+ �kj!u��k�wjml~|}h���xJu�ikuGtno��������
l�içv,o�h��wlSÂ
�JÜ2�k�plporq�qsi

CN
�0jÞlS�w��ukv?��i0tnv��

��i_u}h�iwjmlnl�o�qsiktpukv,j�j%i0tpt�i�x�j�or��o�lpl��ko�jÉ´ ¸�½ ´w¶
´ ½ ´wÑ ¸wº%¼#¼*½ Ô.½¿½¿Ò
½¿¼ hk�0orÖ%ikiwj��Siwu0v�jml�i0i�u���|0lp�
l��kv�j iworj��0i0t~lSikikj |}�%ÖGv�j u}h�ikjmlnlpo�&�o�lporj
�9�k�plnlpv � i � iÓ�9�k�plnl�ori

CN
Er© G;��Ü2�k�plnl�o � �0��um�

uk�mi�x � �kqrqri¯�kjÌlS�w���'�0��orj%ikortp���%t,xJt�iwj��k�
l�i0iwj ÐGº%½ Ñ »�Ò ° ¸0¸�¾Á½ ´�° ½ ���

1Ùv��GlStpÝS�É�kqro � ��lp�0tporjÉiko�v,����orj(�mtn�0o�lp�
l�ikj}�GlÙv�lnl����kj��kqrv���i0tpt�i À ´�° ½§¸�½¿º9È?¸ u0�kq��
��v�j{u}h�iwjmlnl�o	&�o�lporj{�4�0�nlplpo#x � �0tnl�i u�iworum�
u}o�umh�ikj0lplpor��oro���o�l�hk�0orÖ%ikiwjß�Siwu0v�jml�i0i)E�© � G;x
����lnl�i(l�o�v�l~|}tnlpo��kjØ��orv�qrq�|mlpl���h��w���%�0� � �mt
hk�0orÖ%ikiwj u0�kqr��v�j &�o�lporj �9�k�plpv,ortnl�i£tporo��p�
l~|0�Þu�iw�%Ö�v�j &%o�l�o�j��4�0�nlplpv,o���orjy� $>�nl�o�u}ukv��
qro�j E�© G�lp��qr�kuGtpv,t�tpiå�kj�h}o�v,qr�(v��S�kt���v���u}o�q��
qro�j�v,jÞ�%o�or�p��vkÄ2h0�kosÖ�ikikj'uk�0�0l�����qrq�ostpv�j¯�%v�q��
�9�0tnlpoç�0tp�ko�lnlSiki�x(v�lpl�� �4v,q�u��ktnl��0�wj u�iw���
ÖGv,j &�o�lporjÃu��k�wjml~|}h}or�çu}qsikt�tnostpori��9�k�plnlpv � i
u���|mlnl��kv�j�v�o_h0�kosÖ�i:tpi0ikÖ�i8iworu�ikikj!u�iworum�
u}ori�u��0�wjml~|}hmos�Óumqsikt�tportpori���oror�pv � ��h�i0iwj(l��w�
�%�kj�l�ik�ph}o�l�i0iwj���|0Ê0t�uk�kqr��v�jH&%o�l�o�jÉ�4�0�nlp�
lpv � i ­�u�i�lStn� Er©,Ú�G�Â
��g��%o�l�v�j�u}orjÇik�nl�o�u}u0v��

q�orj(Er© G2lp�%q��0u}tpv�j��Ó��u�ikikj
u}h�ikjmlnlporqsiktpukv�j��
j%ikt�t�i�h�iktnl�i0i�h�i��0j(��iw�4ÖG�kqrq�ostnl�i �

gf�ktpo�l�v�qrqr�0�wj h}orv�qs� �%o�v,��ikj u0�kqr��v,j
u}h�ikjmlnlpo�&�o�lporj �9�k�plnl�v � i�� ×
�0�w��o�l�v�qrqr�0�wj
�4�0�nlplpo

T
tnv,���Siki�h�iktnlpo#Ä














































T |000〉 = |000〉
T |001〉 = |001〉
T |010〉 = |010〉
T |011〉 = |011〉
T |100〉 = |100〉
T |101〉 = |101〉
T |110〉 = |111〉
T |111〉 = |110〉

æ��0ortporj�t�iwj��}v,jyxI�4�0�nlplpo
T
t��worq�|mlnlS�k�Éu�iw�G�

ÖGv�j:v,j%tnor�����wostnv,j &%o�l�o�jÃik�ph0�kjÞtpv�qrqsiwostnv��
j%ikikj � ifh�iwor�0lSiki�u0�kqr��ikj�j�v,j &%o�l�o�j�ik�ph0�kj
l�ik�pu�iwqrqrv�v�jÉtnorqrq��0o�j(um�%jåu�iwuGtpo9v,j%tpo������wost~�
l�� &�o�lnlpos�Ù��h�iwl����kqrv�����i�l@|}umu0Ê0tpor�%��Ü2�k�pln�
lposi

T
x � �wl�iÓu}�Gl�tp�GlSikiwj � È��>È�¾�½¿º�Ô%È�Ò
¼#½ ´�° ½ x

hk�0orÖ�i0iwj�u}orj'��o�l��0���9�k�plporj
CN

|}q�v,ortnl~|}u0�
tnv,j%���

æ��	�9�0q�orjf�4�0�nl�o�qrqsi�x � �kl�i���v���u}o�lS�k�kj�u}�G�
h�iwj � �%o�or�p���0t�tp|m� &4�0q�orqrqri%x��kj_tp������ok��v���u}o��


�éfíSöòô�ö ì*ì#íSñ~ë#ë#í?÷�ñ¦ì*ì#úEî�íSöòî,î�ömî�õ
íSô�ì*ì*öòï�öòö �äö ìyõ�ó
ö 
�í
íSô �*íSî
ñ~ô�ì#í
í�îSú~ù,ìäì#úSñnô�ì*öòñ¦ì*ì¿ù�ú�ø*ó
ê�î�î
ó�íJî�õ
íSô�ìäì#ö �
ïwó��äìäì*ñäø*í?÷?ì#í��äî
ó
ö ì#ñ¦ì#í
íSô�ù?ðòñ~ñ~ô�ë#ú?÷?ñ¦ìäì;ú�î
ó�ÿ�øäó
ê�î
ó
ðòðÁí�õ�ó
ö 
�í
íSô ���
��� 	���� ��� 	
��� �Tû§ö ì#ú�ü�ù�õ
úSô�ë#ú�î�õ
íSô�ìäì#ö �
ï�öòö �äöÁú?ÿ��}öòë;úSî�ë#ö
ê�ë*ñ~öòô2ì;í��äî
ó
ö ì#ñ¦ì#í
íSôm÷
ñ¦ìäì;úyë;íSðòðòö ì#í
íSô�ðòöòë;ú�ìäì;ú~õ
úSôTô�ënÿ*øäó
ê?ì*öòðÁíSö ì;í ��ö ìäì*ñäø*ú?÷*ø*óSì*îSíyíSðòî�ê?ì#öòðÁíSë*ë;í
íSë#ñ¦ì*ñ¦ì;í
íSôfî�íSöòî,î�ö}ô�ó
ðòðòöòî�ë#ö�ø#í�ø*ó
ö 
�ñ~ôÙí��äõ�ó
ëäì;í§ñ~ömðòó
ï?ê�î,ë*ömõ
úSðòö ì*ñ¦ì;ú?ÿ
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x3

x2

x1

x1x2 ⊕ x3

x2

x1

d

t

t

g���h�i � Ä%æ����.�kqrorj(�9�k�plnl�o

l~|Gty�Ó|kÊmty�9v���o�jmlpv,ortpv,t�t���qri0tnu0v�j�j%i0tpt�i��,æ§���
lS���4�0�nlplposizu���|0lpl��kv�jßhk�0orÖ%ikiwj�j�or��o�lpl��worj
�Siwu0v�jml�i0i�u�iko�u}u}o}q��}�0Ækostnv�l���oro���o�l,x � �0t���|0Ê0t
h�iwu}or��&�o�lpo�l

0
� i

1
��h�i�l�u���|mlpÊmtpt���E � "�G#�kæ§�w�

�����kjzu0�k�ml�ikqrikortpv�jÉ��v�qr���9��j%�w�4Ö�����|0Ê0t
tp���k�Sikikj Er©,Ú�G;�

gÙ�0tpu�iEæ����.�kqrorjf�4�0�nlplpok�0jf��|0Ê0tIu��k�kjG�
l~|}h���x?hk�0orÖ�i0iwj_t�iwj��mi�x,v�lnlS�Ùæ����.�kqrorj_�4�0�nlp�
l�o�­�h�iwu}or��&�o�lnl�o�v,j:u�ikj%t�tpimÂ��0jÞ�%j�o�h0v��Stpi0i��
qro§u��k�wjml~|}h��wjÞqri0tnu0v�j�j%ikj¯�9�k�plnl�o*� ¨ v0xTv�lp�
lS��u�iko�u}u}oIqr�m�0Ækostnv�l§��o�or��o�l[h0�kosÖ�ikikjå�Siwukv,jG�
lSiki�u���|mlnlS�wv�j�iko�j��miktnl�i0iwjzæ��	�9�0q�orj��4�0�nlp�
l�oriÉ­ätpv�u��_h�ikumor��&%o�lplpv � �mÂT�mtn�0o�lpl�i0if���%ÖGv,q�qsi
lSi�h�ikq�qsi�l��}Ö�v�uGtnoGtpv�jyx?v�lpl��>u�iko�u}u}omqri0tnu0v�jml�i
h0�kosÖ�ikikjål�v��%Ö����Ó|kÊmtJu��0�wjml~|}h��kq�qs�Ól�i�h�iwq��
qsi��
��������� � �������'�'��� � �'�%�����'�

�������	"��%� �����	�
æ����.�kqro�jå�4�0�nl�o�l�v,tpo�orjml~|}h��wlJ�Ó|kÊ0t ��iw��|}��j
¨ �%o�j�l���qr�kuGtnv?tpt�i E � Ú�G;x � �0u�iÃukv��plp�}�Ì�}|m�
h}orj®�%ikq � �0jÃu}h�ikjmlnlporqsiktpukv�j%j%iwjÌqr���kjml�v�v,tn�
lSi��:!��ko�l�ikortpo�orjXj�o���o�lnlS�worjXi � i�lpv,q�qsi�xÉv�lp�
lS�¯u}h�iwjmlnl�o�qsiktpukv,jml�içv�o��0q�vzànÖGostpum��v�v�lnl�or��á
h�ikikj tpv�jXhk�0o���i ��o�orqrortpoß��orukv�����orj�u}o�j
àpiwj%ikq��0Ækostnv,q�qrv�qri0tnu0v�j�j%ikq�qrv
á!l~|m|}��orqrq�ostnost�tp�
��oror�nl�v�ostpt�����'�tpo���v,�pu}oru}tpo�iw�plporu}ukv,q�orj Er© G�l��G�
qr�kuGtpv,t�tpi�v?tnoro�jml~|}orh��wlÙ|}�%ÖGv,j
u}h�iwjmlnl�o	&�o�lporj

�9�k�plpo�l,x � i8j%�korÖGv,j ��q��mt~l���qr�kostpt�iÞt�ikiwlnlSiki
v,tporo�jml~|0�§lporq�� � i

a |0〉+b |1〉 x?��ost�tp�>v,tpo��z� ahk�0o��kqrqsif��o�u���lSiw�%ikj%tpi���v,i0iwqro�qr��u}��j��kqrqsiwj
� i�|}umu0Ê0tpv�j(h��kq�orq�l����

æ§�wqrq�Ê0o�j(��v��S�k�flporv�l~|Gt~l�oIu}|}tp|}��|Gt,xk��oro��
qrv�v�u0Ê�umh�ikj0lplporqri0tnu0v�j�j4iwj�hk�0o���i � ������owlS�ktn�
t��Ø��iw�4ÖG�kqrq�ostp���%ÖGv?tpt�iØu���|mlnlS�k����o�v,q�orh�iwq��
l�ikortposi£��v,ikikq�orqr��u}� � i��Éæ§�w�%�kj u}|}tp|}��|}um�
tpv�v�j��kj � � iworv�����orj qrÊ�|GÖGv�lpl~| h�iktn�
l�ik�%t E 5 G#x.�Ó�GlnlSi ¨ ��o�j�lp�%q��mtÙv?tno�lnlS�k�(h�iktn�
l�ik��uGtnv,j(v,�po�l~|}ortpv�jÉtnv,q�u0v,�kq�qs�_lSi�h�iwqrqri%�

¨ ��orj�lp��qr�kuGtpv�j��Ó��u�ikikj�´ ¸�½ ´?´ ½ ´�Ñ ¸�º4¼ ¶
¼#½ Ô9½¿½¿Ò
½¿¼ Ñ È�½ �0¸k¸�º�Ò�¸ ´ »�º4¼;¸0¸ ´k² À�¼*¼ ² »�º±¸�½ ¶
º9È?¸ ° ¼¦¸k¸wº � È��>È�¾Á½¿º Ô�ÈwÒ
¼*¼#½ä¸�
 , ¸�¾ °p³ ½¿º
·�ÐGÐGº%º9È ° ¼;¸
��Ô�ÈwÒ
¼*¼#½ä¸ W � � ¸ Ñ ¸ ´ ½äÈ � ½¿¼#¼;» ¶��²��9æ§�w����lp�%q��mt[tnorost�ànÖ�ortpu}�pv�lpostn�0oÁáÙu}h�iwjmlp�
lporqsiktpukv�j%j%iwjflS��|Gtnorjy��æ�ik�ph}o�lnl�i�h}orv�j_u}h�iwjmlp�
lpor�9�k�plnlporv�j ���k�w�S� v,o��Ó|kÊmtnu��k�kj�u�iktn�
h�i��S� � �w�4ÖG|Gtn���wostpv,tnlpo#Ä ¨ �kqr��h�i�|m�;g�o�l�ikv�h}o�j
qsiw�%tpv�v,j%iÎlp�%j�j�v�l��%tnl�i h�ik�}h�i0t~lSi l���q��0um�
tpv,tnl�i E � � G�tpv����Siki%x�v�lnl��¯l�ik�ph}o�l�i0iwjÌh�iworj
O(n logc(n

ε
))

�9�k�plnlposi ·�½ ° ¼ ²X³ À Ñ�² º °�²
��j�orhkv,��t�ikikq�ostnl�i[u}h�iwjmlplpor�4�0�nlplporv�j � �k��u0�0tnl�i
tpo��Ó��q��0o���i0iwjåu}h�iwjmlplpor��o�or��or�%x � �0t�tpi�iwqr��uGtpo
�kqro

n
u}h�iwjmlnl�o��9�k�plnl�ori%�ygfiki�h�ikt�t�i�v,tpo�orjml~|m�

h��
c ≈ 4

�0jçh�iku}o��4x � i
ε
�kj��%ikq��Glplp�'tpo��

���%qri0i�lpor�wlSiw��u}um�%�%t��
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æ§�w���kj�q�ostp�kuGtno ¨ ��orj
lp�%q��0u}tpv,tnl�i�tpv����
�Siki�x v�lpl�� v�o{�kqrv lSiw���4v,v�j u���|mlnlS�k�
uk�0����q�v,uGtnorq��%um� � i®u}h�iwjmlnl�o�l�o�qr� � v,j tp���9v��p�
�9�0tpo�l�o��0ort�tpi *T��v,ikikq�orqr��h}�Glå��o�o�lnlS��h��wl(iworh�iwj
�}|}hmorj ­ä��|kÊmt£lS�w��� �0q�o � � iko�v,����orj
lp�%j�j�v�lplp� E 5 G¿Â�� �Ùj®um�%o�l�v�j�u}orj®�}���k��ik�G�
lpv�lnlSi�h�i%x�v�lnl�� � �wlpu}orj u}h�ikjmlnlporqsiktpukv�j%j%iwj
u�iwj�j4iwq�l�i�ukv,tpukv,ortpv�l8iktporiwl,x�um��lpv�j ¨ ���k�
��o�j_ikq�Æ0�k��o�l���o�l,x,��h�i�l��%ikq � �0jfo�j����k����iwlporo�h}o��
tpv�����o�jÉv,tpo�l�v�lpl���h}ort�t���xm��oru��wqro.u���|ml�v�l��0�wj
uk�0����q�v,uGtnorq��%um� � i��
;���� ���2�2�J�}����=n�2¡m¢T¤����G���m�����	�
æ§�kt�t��:�m|}u��wqs�kt�t��Þu��0tno�lpv,q�qs�k�kj�|muGtpo�j%ukv��p�
l�ikortporj0lSi�h0v��Stnor�wlSiH1>v,�Gl�t�ÝS��orjG� -k�	�,t�iwj
�0jG�
Ækv,q���i0t~lSi Er© 7 G;x � �ku�i(l�ik�%iw�%u}tpv,t�t�i

n = 1u}�Glpostnlp��� ����j%u0l�o��0j 	 ) � ­�v�Û�Ý�q��%tporhkvß�k�
Â
qsiktpukv���ostnv,uGtno#��æ§�0tpt�� |}�mlpv�|GÖGv?tpt�� u���|m�
lpv�l��0�wj �Ó|kÊ0t±��iwlpv,��iwlporo�u}u�iki ��o�v,��iwj
v�j%v������wj£u}��orj v,j�j�v�j�xÓ�Ó�GlnlSi�l��k���wj
�}|}u��kqr�kjÏ��i�l�v���ikiwlnl�ortpv�j��0tp���%ÖGv,jÏ|}���
���w�pl��k��orj�v,j�v�o��kqrv¯v,Ö�v�qrq�|ml~|}uGtnv,j%� � i�lp�
uk�mtpt�iÓv,tpo�orjml~|mh}orv�jziktpo��0orÖ�v�j(tpv��%��i0iw��ortpv�q��
qrvk�

C��%j�umlpor� 	 ) � ­ � �0j�u�i�tp|m� &4�0q�orj%i�l��ko��
��o�o ⊕ ÂE���0�w��o�l�v�qrqr�0�wjÉtno�lpv,jyxGv�lpl��















0 ⊕ 0 = 0
0 ⊕ 1 = 1
1 ⊕ 0 = 1
1 ⊕ 1 = 0

æ��kostnorj t�iwj��}v�j�x 	 )�� u�ik�%ÖGv?t~lSi &�o�lpost~lS�
t�iki�iw��hk�0j

1
l�iw��u�iwqrq�v,v�jßtpo�qrq��0o�jçu}��jçl��ko��

j�v,j_j�orortnl��Ó­�����lnl�i>v�om���kqrv�����i�lSÂ�tpi0i§iw�p�
hk�0j

1
�

�Ùj�l���|Gtnorj�tpv�qrh��k�%x9v�lnlS�(u}������iwj%umorj
&�o�lporj

x0

� i
x1

ik�ph0�>�kj�u}|Gtn|mlnlS��h���x�v�j�j%v�j
u}��orj_����j�uml�o��0j

x0⊕x1

iw��hk�[h0�kosÖ�ikikj�t�ikiw�

Ö�i�tpv�qrhmorqrq�v#*y�kjßtpo�ost�lpv,�ml���h��zu�iwuGtno�um|Gtp|m�
��|Gtnl����GËÙ�worj(v,oyu}��o�l�v�j�u�i0iwjå�0q�v�u}h�iwjmlnl�o��
qri0tnu0v�j�j4ikt�tpi%x�|}u}tpo�u}|Gtp|m�Ó|Gt[��o�o�lnlS�k� � 'TjG�
tnorjÏ�0j�u}��o�lpv,j�u}o�j tnv,q�h0v�j�j%v�lnlS��h���x���o�lS�
l�ik�pu0�ko�lpv�lSikikjÉà�&�o�l�o�jßik�ph0�kj
u}|Gtn|}��ostnv,q�qs��á
u}h�ikjmlnlporqsiktpukv�j%j%ikt�tpi%��$[orv�����orj��%iwj(�kqro � �
��iworj�o�lplp�yx4v�lpl���u�iworu}umo�umh�ikj0lplporqri0tnu0v�j�j4iwj
�k�9v��Sikiwlpor�wl
��h�i�lØu��0�wjml~|}hmos��xÙ���Glpl�i &�o��
lporj
u}o�� � �ko�lnlSiw��orj�v�j
iko�v,����ikjzlporqrikq�qrvå­äiko��
v����%i0içum|Gtp|}���wlnlS�0ÂÓv�oÙh��kq�lpl��k���wlnlS�ç�kqrv
u��k�wjml~|}h��Ø�0�4v,��i0i�l�o���
 l��kq�qrÊkorj��%�kjÞh0�ko��
Ö�ikikj(�4��hmo�lnlS�k��iworv����%i0iÓorjG���0�p��ikiwlpor�wlSi��

æ§�w���wj'h}���0uGtnoJ�kj¯tp��h}o�lplp�yx@v�lpl�� &�o��
lporjÓu}|Gtp|m��orj�v�jÓu}h�ikjmlnlporqsiktpukv�j%j%ikt�tpi[��v,�n�
u}o�lStnv,vÙtpv����Siki�h�iki�­�l��kt�t��fv,tpo���v,�pu}ostpt���u}|0�
tn|mlS�k�wj¯h�iko�jÞu�iw�ml�i�v���o &�o�lplpos�

x0

� i
x1

x
|}q�v,ortnl~|Gt��kj�tp���k�Si�h}o�orh�iworj�v�j9Â
Ä�u}|Gtn|mlnlS��h��wj
&�o�lporjÌjm�%��v,�p�ßi0tnv�lpv�lSikikj¯v�j4tnor�����kortpv�v,j
u}h�ikjmlnlpo�&�o�lnl�o�orjyxwu}��j�l�i0ikt@l��korj�v�j &�o�lnlpo%hk�ko
�kqrqriåj��kqrqsi�lSiwo2|}umu0Êkj�v,jy�Iæ§�w���wj � �wqrukv�v,j
u�iw�%ÖGv,j'u}h�iwjmlnl�o	&�o�lporj�ànu}|Gtn|}��|Gtp�k�9v��Sikiwln�
lp�0�po�á>­¿l�iko�ànu}|Gtn|}��|Gtp�4�0�nlplpo�á~Â

Q
l�v�ukv,v�tpv��G�

��i0i�h�iwjyÄ














Q |0〉 |0〉 = |0〉 |0 ⊕ x0〉
Q |0〉 |1〉 = |0〉 |1 ⊕ x0〉
Q |1〉 |0〉 = |1〉 |0 ⊕ x1〉
Q |1〉 |1〉 = |1〉 |1 ⊕ x1〉

'�ÖGv,q�qrv�v,j�v���o_l�i�h0�korj�t�iwj%�wlnl���j%i%x[�4�0�nlplpo
Q
u�i�lStn�}�Ãv,j%tnor�����wostnv?t~lS�Ìu}h�ikjmlnlpo�&�o�lpost~�

l��'tpv�j &�o�l�o�j º%ÐG·�»�ÒpÈwº x � �wl�i'�kjÌu}|Gtn|mln�
l���h���x � iØlp�kostpv�v�jÞu}h�ikjmlnlpo�&�o�lnl�o�orj

Q
i0tnv�ln�

l�i0i>u}|Gtn|ml~|}j &�o�lporj ¸�Ò Ñ È�º ­ � �mt�lp�korj�v,j�&�o�ln�
lpoI�0q�oIiwqr��j��9v���orjåj��0q�qsi0ÂTl�iko ¸�Ò Ñ È�º
º.»#¹m¸k¸ ¶
¼*½äÈwº ­ � �0tÙlp�0o�j%v�j &%o�lplpo��kqro�iwqr��j��9v���o�j�|}u0�
ukÊ0j�v�j4Â��

¨ v����Siki�h�i%x u�ikuGtno &�o�lnl�or� u���|mlpl���h��
u}h�ikjmlnlposiwqrÆk�0�po�lp��o�qsiktpukv,v����%j�umlpor�kj

x0⊕x1u}|}tp|}���wqrqr� &�o�lnlporv�j�ik�ph0�kjåh�iko�jzukv,�p�Siwj��
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©k� $[qr�ko�lpv�l�ikikjål�o�qsiktnl�i

|0〉 |1〉
� � ¨ ���0�po�lpv�l�ikikjçum�%����ikq�qrv�u}orjßumh�ikj0lp�
lpo�&�o�lporq�qrv �çiwqstp��o�jÞ�����%j�j��0t,��Ë>�ko�j
�%�k�0t~lS�k�kj�lporqsikiwj

1√
2

(

|0〉 + |1〉
) 1√

2

(

|0〉 − |1〉
)

,

� �ku�iÉtpi0ikÖ�i0iwjØtp��qrukv�v�l_iw��u}o2ukv,�nl��w�
��iwqrqri����%�wlp�}�0j
1

2

(

|0〉 |0〉−|0〉 |1〉+|1〉 |0〉−|1〉 |1〉
)

.

� �§Ë[|ml�u}|}tp|ml��0�wjyx�tpo�ost2u���|0l�v�lS�k�wj�à~u}|m�
tn|}�Ó|}tp�9�k�plnlposi�á

Q
�%æ��%q��mt��kj

1

2

(

|0〉 |x0〉 − |0〉 |1 ⊕ x0〉

+ |1〉 |x1〉 − |1〉 |1 ⊕ x1〉
)

=
1

2

(

|0〉 (|x0〉 − |1 ⊕ x0〉)

+ |1〉 (|x1〉 − |1 ⊕ x1〉)
)

gf��|}���kq�qs��qs�w�%o�v,tpo��z� &�o�lporj
x0

iw�p�
hk�kl��}���k��iwl�ikikjyxçv�lpl�� |mqrqs�w�kqrv�h�i
qrik�%tpv�ukv�hk�0orÖ�i0iwjÌu}or� � �0o�lpl�ikiÞ���%�w�
lp�}�kj

1

2

(

(−1)x0 |0〉 (|0〉 − |1〉)

+ (−1)x1 |1〉 (|0〉 − |1〉)
)

=
1

2

(

(−1)x0 |0〉

+ (−1)x1 |1〉
)

(|0〉 − |1〉).
7 � ��ikqrtp��orj:������j%j��0tnl�i�lp�0ortpv�v,j &�o�lp�
lporo�j(u���|0lpl��kv�jåt�iki0Ö�ikikj�iworu�i0iwj�l�o�qsi

1√
2

(

(−1)x0 |0〉 + (−1)x1 |1〉
)

|1〉

"�� ¨ iw��iwost~lSi8������j%j��0tnl�i:v,j%tnor�����wo��
tpv�v,j &�o�lnl�o�orjÓu���|mlnlS�wv,j�tpi0ikÖ�i0iwj�lporqsi

1

2

(

(−1)x0(|0〉 + |1〉)

+ (−1)x1(|0〉 − |1〉)
)

|1〉

=
1

2

(

(

(−1)x0 + (−1)x1

)

|0〉

+
(

(−1)x0 − (−1)x1

)

|1〉
)

|1〉

Ë>|ml_hk�kosÖ�i0iwj &%o�lplporv�j
x0

� i
x1

v���o
ik�ph0�korq�qrvØu}or� � �0o�lpl�i0iÞtpv����Siki�h�i'l�iw���
qr��u}uk�4Ä

x0 x1

|}qrqr���0q�v,h�i
tp���9v����4�mtno�lpor�

0 0 |0〉 |1〉
0 1 |1〉 |1〉
1 0 − |1〉 |1〉
1 1 − |0〉 |1〉

� ��ÅÙi�h�iworj�j��kosÖ�i0iwj�v�j4tnor�����kortpv�j &�o��
l�o�jÌik�ph0�%��×�oru��kq�o§�4i�h�iko�j%j��ko�lp�:iw�p�
h0�±�kj

0
xÓ�4�k��l�v�qrqr�0�wjÎv�lpl��

x0 ⊕
x1 = 0

x,�Ó���Gl��korj��%�0��lpv,q�qs�k�kj_�%�ko�jG�
h�i0t~l��korjy� ��q�qs���kqrv�h�iktnl�i�lSiw��qr��u0�0tnl�i
j4�w�%Ö��0�wjyxÙv�lpl��ÌlS�wqrqr�Ìl�i�hk�0o�j±t�ikiw�
Ö%ikiwjziworj%i��korukv?i_l���qr�0t,�

æ§�kt�tp�'umh�ikj0lplposiwqrÆk�0�po�lp��ostpt�i�����j�umlpor�w�
l�i 	 )�� h�iw�plpv,j¯l�v��mlpororj:lp�GÖGv�qrqsiwu}o�j8h�iworj
|}uGtno@u}|}tp|}��|Gt[�Ó���Glplp� � orv�jçiw��hk�mt~lSi��%æ§�w�
���Ãu}|Gtn|}�Ó|}t�l�iw�4iw�mlp��o�u}��o�lpv�j%umorj�tporq�qs�
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l�i�h0�korjØv�lnl��Éu}|Gtn|mlpl���h��wj������Glplp� � ikjçjm���
��v����Ï�0q�o(l�i0tpik�%iworj��wl�v�l��%tpt�i±tp���9v����4�mtno��
lpor�0t�t�i�Ä@o�jmlp�%o�l�o�orh}ortpv,tnlpo[t�iwj��klnl���j%i
u}|Gtp|0lp�
lpororj�tpo�ost
u}�����%i0iwu}o�j��Ó���Glplp� � i0i

x0

� i
x1

à~|}�ml��0iworu�iki�á
��æ��kostpi0iwq�l�i���|0Ê0tØành�iktn�
l�ik�%t�&�o�lplpo�á¯�kqro_lSikt�iw�%iko�j��klpv�lp�%t�tpiÌtp���9v��p�
�9�0tpo�l�o��mtpt�i��4-m�wqrq�v,v�j orjmlp��o�lpororhmostpv,tnlpo�u�i�lp�
tp�mv,j�h0�kosÖ�ikikjÏt�iwj��mi�x�v�lnlS��h�i0t~lSiw��uGtpv�j
l�ikq�qrv�jmlSiw��o�j%v�j:tn���0��i0iwj®­äj��kqrqsi�h�i0t~lSiw�%tn�
&�o�lporj®�%iko�u�ikq�qsi0Â � i &�o�lporjÃu��k�kj0lS�wv,j±­�|}um�
ukÊ0j�v�j�h�iktnl�iw�4t�&�o�lporj��%iworu�iwqrqrimÂ[lSiw�%ik�mlp��o��
h�i�l����kqrv�����i�l�àn|}�0lS�kiko�u�iki�áS�2gÙ�0tpu�i
l��w�
���åikq�Æ0�k��o�l���o��kqro�orj0l�v��p��v���v�j%t�tpo�j�u�iwj%j%iwq��
l�iÓtn�%��j�j�o�lpv,q�l��å�k��lpor��i0iwqrortpv,tnlpo#xkj4�w�%Ö��0�wj
iwqrÆk�0�po�lp��orj�l���q��0uGtnv,j%i

x0 ⊕ x1

lp�GÖGv,j�j%�w�
ukÊ0ortp|}|GÖGv�qrqr�

1
x�tporort§iko�j%i��0o�u0v�orjy�

;���� ���2�2�J�}����=n�2¡m¢T¤��>�[���
>�� � ���~���[¢§¡m¤I�

Ë[|}u}|}ortporj lporv,ÖGv�l��0�wj h�iw�Stnorj �}|}hmorjyx�v�lp�
l���umh�ikj0lplpo�lporv�l��kuk�0j�v�v,q�qsi�hk�0o�lSiwostnororj � iku�iki
tp������ori>q���u}� � i[lpv,umo � Êkor��orj�u0�k�ml�ikqrikortpv�jfj��k�
�9v,iktnlpo#�
æ§�wqrqs� l�ik�pu0�ko�lpv�l�ikikj tno�l��%xzv�lnlS�
lpv,u}o � Ê0o���orj � ikuk�®h0�ko�l�ikortpo�orjÏtp���k��o�lnl�i0i Ô%È ¶
¾ÁÀ�º.È�·�½ä¸k¸�¾�½ ° » °S° ¸®¸ � ¸ °S° ¸ qr��u}� � v�j���o�lp�����
lpv,v�jÃj4�w�%ÖGv,jyx�tnorortå�pv?tn�%��t�tnv � i�v�oÙl�iw��h}o�lp�
tportpoJu���|mlnlS�k�z�0q�v,v�qrq�ostnv?t~l�o�v,j�v������wj'u}��orj
ukv,�nl��kqsiktpu}����j�u�ikikjy�

'ToÙ�kqrvzlporv,ÖG�mtpt�iç��o�l�v�j:lpv,u}o � Ê0o���orj � iw�
uk��tp���0�po�lpv�lnl�ikortporo�jzj��0�4v?iktnlpoy�9v���o�jml�v�ostnorq�qs�
lporv�l��ku0�kj�v,o�qrqri *Jj}|}u}|}ortpo�j®v�o�lp��j%j�v�lSi¯��o��
l��0�wj ��v�j�v�lpv,q����k�%x � �kqrqriÌtp������v�j qr��h}��j
lpv,u}o � �wlÓhk�0o�lSiwostnororjçt�iki0Ö�iztnv,q�h}orq�qrvåtp������v�q��
qsiÌlp�GÖGv,j�j%�kukÊkostp|m|GÖGv,q�qs� Ô%È�¾ÁÀ�º.È�·�½ä¸ � ¸ °�° ¸
qr��h}��jç��o�l����Gl�v�v�jßj4�w�%ÖGv,jyx � iÉj�oro�j%�%�Élpv��

u}o � Ê0o���orj � ikuk�0iÉ��osÖGv�l��k�kj�u}o�jßv,�po�lnlS�worjçh�iko��
ukv?iwj%i��kj%Ækv�qr��iwj%i%��g���o�l�v�j�u�i0iwj�v�oGl�o�v?ÖGv��
l��%xw�kj�u0��lpv�u}o � Êkor��orj � iwu0��qr�k�%��� � v�j�qr�k���%u0�
tnoÉà~h�iworukv?i�á �kj�Æ0v�qr��i �9v���o�jml�v�ostnorq�qs�wu��0�wj
lporv�l��kuk�0j�v�orqrqri *�lp�kostpo�j t�iwj��}v�j�xfv�o�l�o�v?ÖGv��
l��%x Èwº ´ È¯·�¸ ³ �kÈw¼;Èwº%¼¦¸ u0v�uGtpor�
ànj��k�9v,i0i�á
lpv,umo � Êkor��orj � iwu0�k��v�j%v�lpv,q����0���4v,�porjmlpv,ortpo�qrqrv
lporv�l��kuk�0j�v�orqrq�v0��æ§�wqrqrikortnl�iç��v,j�v�l�v�qr���0�ßv�o
u}��o�l�v�j�u�i0iwjÉ�kqrvÙl��kost~lSiwostnv,uGtnoIqrÊ�|GÖGv�lpl~|k�

¨ iw���korj±u}��orjÏ�9v���o�jml�v�ostnv?tpt��Ìqsiktpukv�j��
j%iwj:l�v��0�posikt�tpi%x���|0Ê0tpumorj:u}h�ikjmlnlporqsiktpukv�j��
j%ikt�t�iål�o�v?ÖGv�lS�k�kj'iworh�ikjçq�ororikjßh��w�%�kj ¾r¸ °
¶
´ »�º%º.¸�º�Òp¸ � Èw½¿¼*Ð ´�° ½ ° ¼¦¸ ­¿l��0tpt��Ì|}�mlpv,|}Ö�v,tn�
tp�[��i � �ko�lp��uGtpo�qrqri§l�iw��uk�0o�l�v�lSikiwjfikqrik��i � � � i0Â��
Ü2v���o�jmlpv,ortpv�jßqsiktpukv,j�j%ikj��4iw��ort�tpiÉ�0jß�%iwjG�
u�iwqsiki
qrÊ�|ml��0�zlp�GÖGv,q�qrortposiØ�Si � �0o�l���uGtnosi�qsiktn�
ukv,j�j%iwj ´ Èw·[Ô.¾�» ´�° ½ ° ÐGÐG¼;»S»�º �2'�tpo���v,�pu}u}o��
j%�ßlS�ktnl��çl��kor��o�o��}|mh}orjÌlp�%j�j�v�lplp��i�hk�korj
u}|}tp|}��|Gt

P
h}t,�

NP
*�lS�w���wjÞ�kj�Æ0v�qr��ikj

��iwlpu�iwostp�%t~lSi �Jqri�|�×
i�l���v���i�l�orÝ,tIorj%t~l�o�l��Glpv
�kjßlSiw� � �kj�j}�Gl���o�q � �}�kj%ikjÞÖG�0q�qsiw��o�jß�4iwqru0�
u}o��0j Er©k© G;�_g�h�ikj0lplporqri0tnu0v�j�j4iwj±�Si � �0o�l���um�
tnosi(uk�0tpukv,h�i�lÙu}|Gtp|m�Ó|}u}tpv�l�j%��|mlnlS��h���l�iko��
j%iwu}orjç|m�mlS�zh�iko�u0v�orq�lSizu}��o�j

P
hGt��

NP
�

�kj�Æ0v�qr��i��
æ��0ort�ikikq�lSi��kj�u}��o�lpv,j�u}o�j
�}���0��iw�Gl�v�ln�

l�i�h�i�x�v�lnl�� u}h�iwjmlnl�o�qsiktpukv,j�j%ikj j%t,�z° Ð ³}¶
¼;»S»�¾¿¾Á½ ° ½ ° ¼;¸ �Si � �0o�l���uGtnost~lSißl�o�v?ÖGv�lS�k�wj � �kjG�
u}o�j(hkv����Siwj � i_j4�wosÖGv�j(v�l�tpor��ostpv,t�tp����v,j�v��
lpv,q�����lE��h�i�l���v�qruk�f�}|}h}or�%� ¨ �%�0l�v�v,q�qrortpost~lSi
��i � �ko�lp��uGtportnl�i������}�GlnlSiwv?tpt�i�lSiw��uk�0o�l�v�l�i0iwj
��i � �ko�lp��uGtportnl�i�qsiktpukv,j�j%iwqrqrvkx � �0t�t�iÙv?tnororj0l~|}|
à~�Ó�%tnl�iÓqri0i�lporu}uk�wáS�}Ë>�ko�lS���Si � �0o�l���uGtnosi_u����
tno�lpv,q�qs�k�kj�v�j�v,�����kj�u}o�� � �kostpt�i:E �#5 G�­�u}qri0t~�
tnorj�v,jfqri0tnu0v�jml�i Õ�� Â � i E�©?Ú�G9­äu}h�ikjmlnlporqsiktpukv�j��
l�imÂ
�

è�� � ö ��ø*íSë#ë#í	� 
���
�ñ~ö�îSú~ù,ì*ñ¦ì;ú[ì#ñ �äû§öÁú��*ûEê?ë*ì#í�ðÁí
í�ì#öòî�î
ó��¦÷wõ
í
íSô�ì#úSû[úSô�ù?ðòñ~öòë*ñnû§ï�ú
ú�ûEê�óSì*ó�í��*ó��#í
íSî �
î
ñ~ðòö �¦ÿ
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gJh�iwjmlnl�o���|Gtpo�oru�iwj � i l�v��0�pv,v�lnl�ortpv�j l�o�v��
l�� � v�j%u��0tno�lnl�v�qr|mlporv�lpv,v�j ��ost~l�v�|}���wuk�0�%Ö�ikj
u�i�lStn�kl�i0iwjÇj}|mu}|}ostnorj � iwu�iw��lp��h�iwj iko�j4i��
u}orjÏu�iw�mlpv,v�j±�mtpi0iwjyÄ�u}h�iwjmlnl�o�qsiktpukv,j0lSikikj
� i u}h�iwjmlnl�o��;orjG���k����iki�l�o��klpv,�k��ori0iwjy��æ§�kt�tp�
qr��h}�%t�tpi�l�ik�pu�iktnlpv,q�qsikikj � �ko�l�iku}o�jÉv,tpo���v,�pum�
u0v � � umh�ikj0lplpo��#orjG���0�p��ikiwlpor�kj�u��ktpo�lnlpv,q�|Gtn�
lS���0gJh�iwjmlnl�o��;orjG���k����iki�l�o��klpv,�k��ori0t~lSi[v�j%v����
���wj u}o�orj�j��mt~l���j�v,v�jÎu�iwj�j%iwlnlSiki!�4v,�pv,�G�
l~|m�Ãu}o�� � �kor��orj Er©,ª�G � i E � � G#� 8 ost��wuGtno�iw�p�
l�o�u}ukv,q�o E �#� GØlSiw� � �0i0iÎ��iko�j%o��0j � �0�%Ö�ikjG�
j��0j!qror��o�lnl~|}j�v,orÖ�v�j u}h�ikjmlnlpo�lporqr� � v�j��k��o��
j%ikortp����uGtpo�orj � i E �65 G¯u}h�ikjmlnlporuk�0������j�o��
u�ikiwlpor�wl�v��k��osikiwj���$>�nl�o�u}u0v�qro E�©?«�G%�0j��9v����%tn�
lSi�h�i0içqri0i�l��%iç�kqrv�h�içl��Glpu}orv�qr��i'umh�ikj0lplpo��
orjG���k����ikiwlpor�0tnl�i��

���p� ���2�2�J�}���~¢ � �Ù����¢ ���[¤�¤I�
	_Ñ ¸wº%¼#¼*½ ´ È�Ô.½äÈ ´ È�º9»S»�¾¿¾�¸ l�ik�pu0�ko�lpv�lSikikj8tpv�q��
qsiwost~lSi t�iwqrqro�lplp�%i u}h�iwjmlnl�o��;�k�9v��Sikiwlpor�wl�i
­ä��j�o�l�ikik�por���%��j�j��mt~lSi0Â
x � �0u�i tn���0�po�lnlSiki
�0�4v,��i0i�lpor�kj

(a |0〉 + b |1〉) |0〉
7→ (a |0〉 + b |1〉)(a |0〉 + b |1〉).

gJh�iwjmlnl�o�u0�k��or�ku0�kj�v tnorost uk�0��or�kostno�v,jG�
tpo������wostpv�j{u}h�ikjmlnlpo�&�o�lporjXlporqrikj l��kostnv,v�j
u}h�iwjmlnl�o	&%o�lplporo�jyx � �0j�u�iÎiwqr��uGtnoÉ�kqrv�l�v�lnlSiwo��
tpo�orj��0q�v,h�iwjfl�o�qsikt�tpi |0〉 ��g>�0��or�korj0l�okv,omu}qsiktn�tportpv�j�o�j����k����i0i�l�o��0j�u��ktpo�lplpv�qr|}j±u�iwj�j4iwq�l�i
�0q�v!��oru��k�kj �kj%Ækv�qr��i�xÓ���Glpl�i�umh�ikj0lplpo��
orjG���k����ikiwlpor�kj u�iwj�j4iwq�l�i u0�k��or�korjmlpo �kj
��iw�4ÖG�wl��kj�lpv,�0lS��h����kæ���j�j�v�lnl���lp��qr�0t E � ª�G
u0v��plp�}�%xmv�lpl���u}h�ikjmlnlporuk�0��or�kuk�0j�v�lpl�i »�½�È�¾r»

È�¾r»�·�¸ °S° ¸ x@tnorort_umh�ikj0lplpo��#orjG���0�p��ikiwlpor�wlSi�v�o
hk�0orÖ%i£uk�0��or�kosÖ�i��Éæ§�w���£l���qr�0t�v�oçu}��o��
lpv,j�u�ikikj���v���u}o�lStnvÃtpo�l���v�lplpv�orukÊ � Èw½ °S° ¸ ¶
´ ½¿º ´wÑ ¸wº%¼#¼*½¿¼#½¿¾�È�½ °S° ¸:È�¾�» Ñ ½ä¸ u}h�iwjmlnl�o	&%o�lplpv��
� �ßh0�kostno[u0�k��or�kosÖ�i *Tv,tpo���v,�pu}oru}tpo[�9v����%tnlpo��
qr�kostpt�i:�kqrv�h}orv�j u}h�ikjmlnlpo�&�o�lnl�o�v,j±uk�0��o��0o�jml�o
�kj%j�ortnlp�%�¯iworh�iwjß�}|}hmorjy�2g�h�ikj0lplpo�lporq�� � i�v�o
|}q�v,ortpv,tnlpo��wlnlSiwv,j�u}��o�lpv,j�u�ikikj�h0�kosÖ�i:uk�k�
��or�kosÖ�i��

æ§�w���wj h�ik��tporj lp��j%j�v�l���j ànj��k�
Ý�qr�kj%o�j�Æwá£�#�9v���osiki�lplpv,v�j h�i0t~l�o�j�v,v�uGtpoÌ�kj
v,tpo�lpv�lpl~| tpo�lplpv�����orj���|kÊmt u��0�wjmlpv,o�j%v�j
lp�%q��mt�x�j�ororj t�iwj%�wlnl�� ànj��k�;ÖGv,q�v�lporj�Æ�á �
�9v���ori0i�lpv%E � ª�G;x � �kj�u�i�����u�i0iwjÏu}h�iwjmlplpo��
lporqsiki8v�o_h0�kosÖ�iÞj��korj h�iko�j�l������wlSi�� A[orÝ��
�%ik��Ö -0� �?tpi8|}�%ÖGost~l�oÓj4�w���Ìu�iwuGtpoÓiktposiki
iw�plporu}ukv,q�ostpt�ikikj E � © G;�

���<; ���@���J�}���~¢ >G  �[� ��
 >%�
���2�
'TÜ A§�*l�o�qr� � i ­ä�m|}u��wqs� � �r©?Â u���|mlnlS�w���wq��
qs� u�ik�%ÖGv,j uk�k���Ó��j�oruk�korh�iwjÎ�0t�iw�%���kqrv�j
�kj ��iw�4ÖG�kqrq�ostnl�iÃtp���k��o�lnl�i0iÞlpv��mlS��h��%x � �k�
u�iÉ�kj���orq�lpv�o���ik�%ÖG�klp�kj�u}qri0tptpostnv,j
��|Gtnoro��
u�iwj:����o�lnl�v�ostpt�i�Ä��0t�iw�����0q�v�l�hk�korh�i�l�lp�0ortpo��
ikikjçl�ik�%ikik��iwlnlSi
iw���4�miz|}�0l�v�ostnv,j � �kj%�kj
t�i�lp�%j�j%iwostpori &�o�lnlpv � � � i�h}o�v,qr�k�%���}���k��ikiw�
h�i�l?x4��oru��kq�o � �ku}orj
uk�0q���i0t[�0t�iw�%���kqro�|}��o�lp�
l��0�Ït�iki0Ö�i±tpv�qrhmorqrq�v�o�j����k����i0i�l�o��kl�i lS�ktn�
l���t�i�l���j�j%ikort � �kj��mt~lSi �.­ !Ùo�or��v�uGtnoI��iko�j�o�ln�
lp� � �k�mlp���Þtnoro�lS��x@v�lpl��
�4i�h�iko�j%j��korjmlpo��4�wo��
��o�lStnv,v�iko�j4iÓu}h�iwjmlplpo�&�o�lplpv � ���òÂ

-k�mt_u�iwuGtpoJu0�k�����%j�o�u0�korh�ikiz�0t�iw�%���kq��
l�i�hk�kostpo�h�i�l�iworj%i��%iwqr�Gl�v,t�tpi0iwj
t�ikikÖ%i�|m���
lpv,ortpv�j�xJu�iworu}o�qrqrv��Ó��o�qrqrv
lp�%j0l�v���i�lplp�0��ikj
&�o�lnl�o � �0j��kjyxÓv�o(��v�orq�qs� �kqrostno(��o�l��0�wjÎ�kj��
Ækv,q���i0i!t�iwqsi�lSi!h}orv,tnlporjml��k�kj%t����fæ§�wqrq�Ê0o�j��
�%�kjÓ�mtpik�����kqrv�l2hk�0ortporh�iwl@u���|mlnlS�k�Ùj%t,� È�º9» ¶
¼#½¿·�»_Ô%¸ � �¦t�iwqsiw�%tp��v�j�v�lpv�qr���k�%x � �ku�izlporv��
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ÖGv�l��k�kjåv,�%ÖG�wlplp�0��ikj(h�ik�p��iwuGtpo*�}æ§�w���kjG�
u�iwq�l�iko�j�v,jç���p�klp�0uk�kqrqsi�v,tpo�lpv�lplporo�j'ik�nl�o�u}u0v��
qrort�tpi E 7 G � i�|}u}tporj�ukv,�nlSiwostnv,���%oJ�Ó|kÊk�%v����
��o�j�ik�nl�o�u}ukv,q�ost�tpi E � G#�kË>|}um|}ostnorj�u}h�ikjmlnlporum�
��|m��lp�kÆ0��i �4i��kj � �(u�iw���%ikq�qrostnv?tpt�i�u���|mlpÊ0tn�
t�� E � «�G;��g�h�ikj0lplporu}�p|}�Gl��kÆk�Si �9iwj±à~�9v����%tn�
lp�%�ph�iwqrqrortp���Glpl�i�á u��ktpo�lplpv,q�v,h��Çv,j%tpo������wo��
j�v,j�qri0i � ik��o�lnlSiworj�v�j(iw�plporumu0v�qro�orq���v�ostpv,tnlpo��
u}o�jzu}����qr���:1��4×
i�|kv,��tpo�j(iwj%tpo��0o��%o�j9E � "FG;�

����� ��¤ =n¤ ��� >G�G�2�@�G� �

gJh�ikjmlnlpo�&�o�lnl�o�v,j ¼¦»�¾�»;Ô%È�Ò
¼¦¸k¸w¼*½äÈ v?tno�lpv�lnl�o�orj
v�j4tnor�����kortpv�uGtpo>iw�plporu}ukv,q�ostpt�i E "�G � iß��v��p�
u}o�lStnv,våtpv����Siki�h�iki%ÄIg�h�iwjmlplpo�&�o�l�o�j¯�k��ortnl�iw�
h�i���v�j�u}orq�Êßtpo�or�pl��k��u}h�iwjmlnl�o	&�o�lnl�o�j4tp��h�iktn�
l�i0iwj��klnlSi � iwqrqrv£�}|kÊGÖG|}jml��wv,j 'TÜ A��;�%ik�posi
� i�tnoro��pl��k���wqrqr��´ ¸ ´�° ½ u}qsikt�tnostnl�i &%o�lplpos����g>�k�
ukv,v�qrq�ostpv,tnlpo4tp���0�po�lpv�lp�%tnl�i�l�v�qrv��9�k�pl�ikiwlpor�0tnl�i
ukv,�nl���h�i�l§iw�plporumu0v�qro�l E Ú�G;x E ª�G � i E�© � G;�

g��GlStn�GlSikikj �4v,�porjmlpv,v�j �Ó��u�iwostnv?t~l�o
uk�0������j�oruk�0o�h}osi��0t�iw���%�kqrori�j�or��o�qrqr� $[qrorÝ�v
� i,+E��&y� �Ùqrv�l���uGtnv,j%i��kj:tnorost�v�lnlS�,$[qrorÝ�v
� i(+E�#&Ã��h�i�l�l��kostnost~lSikikjÌv���u��'�}|}h}o�j%umorj
u�iw��u�ikj%i�xm���Glpl�i���v�orq�qs�_u}������iwqrqsiwu}o�jå�kj
u}h�iwjmlnl�o	&�o�lnl�o*� 8 ostp�ku}tpo.��v�osÖ��kj(u}h�iwjmlnl�o	&%o�lp�
lporj%t�����h�i�l 'TÜ A��#lporqri0tpt�i

1√
2
(|00〉 + |11〉).

æ§�w���kj�qrort��wuGtpo4$[qrorÝ�v�qrqri �0j tpo�or���pv�lnl���h��
u}h�iwjmlnl�o	&�o�lnl�o � �mtpt�iwu}orj�lporqsikt�tpi

a |0〉 + b |1〉 .

×�v,�pu}o�l��k�kj'u�iworu}umorv�jÞuk�0q���v�j¯umh�ikj0lplpo�&�o��

lporjz|m�ml�v�ost~l�o�qsiki�tpv����Siki�h�iktnlpo#Ä

(a |0〉 + b |1〉) 1√
2
(|00〉 + |11〉)

=
a√
2
|0〉 |00〉+

a√
2
|0〉 |11〉

+
b√
2
|1〉 |00〉+

b√
2
|1〉 |11〉

=
a√
2
|000〉+

a√
2
|011〉

+
b√
2
|100〉+

b√
2
|111〉

�Ùqrqr�k�kqrv�h�iktnl�i¯��v���umorj�j%�0t~lS�¯�%o�lS�k�Þ����ost~�
l�i0i�xwv�lnl��_u�ikuGtno�v,j%tpo������wost~lS� &�o�lnlpos�fu}���G�
q��%h�iwl $[qrorÝ�v�qrq�v � i�v�lnlS���%�wjz�}|Gt~l~|}|�j%�ko�qrqrv
&�o�lpv�orqrq�v�tp���0�po�lnlSiw��ikikj��0�4v,��i0i�l�o��kl�i�x
�Ó�Gln�
l�i�uk�0q���i0t�u}h�iwjmlplpo�&�o�lplpo��0j +E��&%o�j��%iwqrqr�%t~�
tpi � iÓl��k�%�wj:&�o�lnl�o�orj $[qrorÝ�vfv�oyh0�ko.u�i � �kl�i��

$[qr��uGtno $>q�osÝ�v tp���k��o�lnl�i0i
CN

�
�k�9v��Sikiwlpor�kj�l��kostnv,q�qrv &%o�l�o�qrq�v�u���|mlnlS�wv�j�v�jG�
tnor�����wost~lS� &�o�lplpos�:uk�0j0l��p�0q�qro�&�o�lplporj%���Ùæ��G�
q��0uGtnv,j%i��0jål�o�qsi

a√
2
|000〉+

a√
2
|011〉

+
b√
2
|110〉+

b√
2
|101〉 . ­ 5 Â

æ§�w���wj � �wqrukv,v�j $[qrosÝ�v'tp���k��o�lpl�i0i	�çiwqst~�
��orjÓ�Ó����j�j��0uGtnv,j�l�o�qsiwjz­ 5 Â�v,j%tpo������wostnv,q��
q�v�u}h�iwjmlnl�o	&�o�lporqrq�v0��æ���qr�kuGtpv�j%iÓtpi0ikÖ�i0iwj�l�o��
qri
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a√
2

1√
2
(|0〉 + |1〉) |00〉

+
a√
2

1√
2
(|0〉 + |1〉) |11〉

+
b√
2

1√
2
(|0〉 − |1〉) |10〉

+
b√
2

1√
2
(|0〉 − |1〉) |01〉 ,

� �0u�i�h0�kosÖ�ikikjå��|0Ê0tEu}o�� � �ko�lnlSiki����%�wlp�}�0j

a

2
|000〉+

a

2
|100〉

+
a

2
|011〉+

a

2
|111〉

+
b

2
|010〉 − b

2
|110〉

+
b

2
|001〉 − b

2
|101〉 .

¨ oror�nlS�w���wqrqr� h�ikumor�ko�l�i |}qrqr�k�kqrv�h�ikt�tpi
qsiw�%tpv�u}u0v�v,t�t�i�t�ikikÖ%ikiwj(�����klp�

1

2
|00〉a |0〉 +

1

2
|10〉a |0〉

+
1

2
|01〉a |1〉 +

1

2
|11〉a |1〉

+
1

2
|01〉 b |0〉 − 1

2
|11〉 b |0〉

+
1

2
|00〉 b |1〉 − 1

2
|10〉 b |1〉 ,

� �0u�iÎ��|}����o�lplpv,q�v,���kq�qs� �����%j0l���� ���%�w�
l��m�0j

=
1

2
|00〉 (a |0〉 + b |1〉)

+
1

2
|01〉 (a |1〉 + b |0〉)

+
1

2
|10〉 (a |0〉 − b |1〉)

+
1

2
|11〉 (a |1〉 − b |0〉).

æ§�w���kj � �kq�u0v�v,j $>q�osÝ�v��4i�h�iko�j%j��ko
���k�
qrv�����orv�j u}h�iwjmlnl�o	&�o�lnl�o�v,j%t�� iw��hk�kl,�
Å>�kj
t�ikifj�v,q � �0tn�mtpikj�lp�GÖGv,j�j%�wu0Êkostn|}|GÖGv,q�qs� � �kj��
u}o�j ik�ph0�kost~lSi

00
x

01
x

10
� i

11
�åæ�o�qsi

���%��jmlp����h�iktnl�iki�h�i0t~l�o@tpv����Siki�h�ikj�l�ik��q����
uk�0jå�Ó��u�ikiwj�Ä

$>q�osÝ�v,j
�%i�h�iko�jmlp�

lporqri��%i�h�iko�j�j%�kj
� �wqrukv�v,j

00 |00〉 (a |0〉 + b |1〉)
01 |01〉 (a |1〉 + b |0〉)
10 |10〉 (a |0〉 − b |1〉)
11 |11〉 (a |1〉 − b |0〉)

¨ v,����i0i�h�iwuGtno)$[qrosÝ�vÎqr�k��v�lpl��0� �4i�h�iko�lStnv��
��iwj%t�i &%o�lplporv�j�iw��hk�kl +E��&�orqrq�v�u���|0lpl��kv�j
� �wlSiwu}orj �9v���o�jml�v�ost~lS� l�o�v?ÖG�kj4tnoro��plp�0��v�j�v��
lpv,q����0���

×�oru��kq�o $>q�osÝ�v,j(qs�w�%v�lnlS�w����l &�o�lpo�l§��h�iwl
00
x,v,o�+J�#&�orj_l�ik�ph}o�l�tpv�l�v��%Ö%�>��o�l��k�kj *�l��kq��

qrÊkorj��%�wj�v,j�u}h�ikjmlnlpo�&�o�lnl�o�j%t��Ì�0j � �Ãh�iwq��
��o�oruGtno�lporqri0tpt�i

a |0〉 + b |1〉 � iÌlpv�qrv��9�k�p�l�i0i�l�o�� �0j tn���0�po�lpv�lnl��y�8×
o�u��wqro%$>q�osÝ�v,j
qs�w��v�lnl��k����l &�o�lpo�l ��h�i�l

01
x¯tp���k��o�lnl�i0i

+E��& (*)�+ �;�k�9v��Sikiwlpor�kj �k��ikq�qsiÏu}h�iwjmlplpo��
&�o�lporq�qs�k�kjyx � i8l���q��0uGtnv,j%i8�kj � �wqrq�v,v�j�lporqsi
a |0〉+ b |1〉 ��-k�mtTlSikikt $>q�osÝ�v�qr�k��v�lplpo &�o�lpo�l
10
x��0j +E��&�orjÞtp���0�po�lpv�lnl�i�h�i¯Ñ ¸w½ ³ » ° ½¿½¿Ò
¼¦È ¶

È�Ô%»�Òp¸k¸w¼*½äÈ
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b1 b2

lporqsi $>q�osÝ�v,jz�k�9v��Siki�l�o��0orÖ�v�j
� �wqrukv,v�j

l�o�qsi2+J�#&�orj(�0�4v,��i0i�lpor�kj
� �kq�u0v�v�j

0 0 1
√

2
|00〉 + 1

√

2
|11〉 |00〉

0 1 1
√

2
|10〉 + 1

√

2
|01〉 |01〉

1 0 1
√

2
|00〉 − 1

√

2
|11〉 |10〉

1 1 1
√

2
|10〉 − 1

√

2
|01〉 |11〉

g���h�i 7 Ä%æ�orqriwl $>q�osÝ�v,j � i4+J�#&�orj(�0�4v,��i0i�lpor�kosÖGv,j � �wqrukv,v�jÉ|}q�o�lpor��v,�0tpt��Óuk�}�GÖ�iw��uGtpv,t�tpi

{

|0〉 7→ |0〉
|1〉 7→ − |1〉 ,

� �kj%u�i � �wqrukv�v,j +J�#&�orj &%o�lplpo��0j��%iwqr�Gl��%tpt�i
lporqsikt�tpi%� 8 �k���%u}tpo#x � �mt $[qrorÝ�v�jÉqr�k��v�lpl��k���wl
&�o�lpo�lT��h�i�l

11
x��kj2+E��&�orj�tn���0�po�lpv�lnlSi�h�i>v�jG�

tpo�j (*)�+ �;�k�9v��Sikiwlpor� � iÓtpo�lnlpv,jåh�iwor��v?tnoro��plp�4�
æ§�kt�t��£|}�mlpv�|GÖGv?tpt��£�0j tp|}|0lS� �}���k�

��iw�Glpl�i0i�xEv�lnlS�'l�v�qrv��9�k�pl�i0i�lpor�0t�t�içumh�ikj0lp�
lpo�&�o�lnl�o�v�o�� À�À ° ½ ° » ° ¼*½ tnoror�p��|kx�iworj��0i0t~lSikiwj
u}h�iwjmlnl�o��;o�j����k����i0i�l�o��4� 8 ost��wuGtno8�kj tn|}|m�
l��®�%iworj��klnl�i0i®t�iwj%i0i'àntporo��pl~|0��á�*[u}h�iwjmlplpo��
orjG���k����iki�l�o�� v�oXuk�k�%o��0orÖG��x h�ikikj iwq��
u}���9v��S�worj�v�j $>q�osÝ�v,q�qsi �0q�v,h�i u}h�iwjmlplpo��
orjG���k����iki�l�o��alp�%���k�Gl���� ­�u0�k��or�korjmlpor�%iwj
�kqrostnoI��iw�4ÖG�wl��kjml�imÂ
�

����� � =p�¦���n¥>¤��!¢ �����>� �Ù¡
� ¾�½¿¼*½ ³ » ²
´ È?È �0¸�Ð ° E � G§�kjßl�v�qrv��9�k�pl�i0i�lpor�kq��
qrv�u��0�wjmlpv,o�j%v�jç�k�9v��Sikiwlpor�%ÄItnororj%� $[qrorÝ�v � i
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